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Abstract
This paper presents a cell-centered high order ﬁnite volume scheme for the solution of the three-dimensional (3D) Navier–Stokes
equations with low Mach number. The system of non-linear equations is solved by means of a fully implicit pseudo-transient scheme.
Each pseudo-time step is solved by a Newton-GMRes procedure. A local preconditioning technique is used to scale the speed of
sound and to improve the system condition number for low Mach number and low cell Reynolds number. This preconditioning is
applied to the AUSM+up ﬂux vector splitting function. The method is tested on 2D and 3D low Mach number laminar ﬂows.
© 2007 Elsevier B.V. All rights reserved.
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1. Introduction
For many years, numerical codes have been designed for solving ﬂuid ﬂow problems. Unfortunately, two different
ﬂow regimes can exhibit quite different physical behaviors. Consequently, the mathematical nature of the equations
changes a lot for inviscid or viscous ﬂows and for incompressible, subsonic or supersonic ﬂows. Hence, the numerical
techniques employed must be adapted to the considered ﬂow regime. Since, in a lot of industrial problems, those
different regimes can coexist with each other within the same computational domain, numerical algorithms must be
designed to localize the different zones and have a good convergence speed for all regimes.
In this paper, a density-based solver is used.The high order spatial discretization is based on a quadratic reconstruction
of variables for the advective terms (see [6]) and a modiﬁcation of Coirier’s diamond path (see [4,13]) for the viscous
terms.4 This solver, well adapted to compressible ﬂows, is known to encounter some difﬁculties to solve low Mach
number ﬂows in which the density is almost constant. Furthermore, convergence fails or accuracy decreases when
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the speed of sound is much greater than the ﬂuid velocity [15]. A high disparity between these characteristic speeds
causes the Navier–Stokes equations to be ill-conditioned. Therefore, either explicit or implicit methods exhibit lacks
of convergence.
Local preconditioningmethods intend to solve this problem. Based on theworks of Chorin [3] and extended byTurkel
[12], this technique modiﬁes artiﬁcially the speed of sound by altering the time derivative terms of the Navier–Stokes
equations. Therefore, this ﬁctitious speed of sound can be chosen equal to the local velocity to reduce drastically the
condition number. Merkle [9] et al. and Weiss and Smith [16] analysis gave rise to simpler preconditioners adapted
to any kinds of equations of state and to viscous ﬂows (see also [2,8]). In this paper, this last preconditioner and the
AUSM5 +up scheme, designed by Liou [7], are used. The solution of the non-linear set of equations is obtained by
a fully implicit pseudo-time marching method. This means that no stability restriction is required for the pseudo-time
step. This is crucial for calculating efﬁciently any boundary layers with highly stretched grids (see [14]). The non-linear
systems arising at each time step are solved by a Newton-GMRes method.
2. Navier–Stokes equations and choice of variables
Before writing the Navier–Stokes equations, it is necessary to detail the variables chosen as unknowns at each
grid points. A choice must be made between the conservative variables s = [, u, E] and the primitive variables
w=[p,u, T ], containing density , velocity u, total energy E = 12‖u‖2 + e (where e is the internal energy), pressure p
and temperature T. The conservative variables are commonly used for compressible ﬂows. Nevertheless, as the Mach
number tends to zero, the density becomes constant and the choice of pressure p as a fundamental variable proved to
be more adequate. Since temperature gradients have to be computed for the thermal diffusion terms, it is also more
convenient to work with temperature. Therefore, the primitive variables w are preferred in this paper. Using U0, p0 and
T0 as characteristic variables of the considered ﬂow, the dimensionless pressure, velocity, temperature and density can
be deﬁned as follows:
p = pd − p0
0 U
2
0
, u = ud
U0
, T = Td
T0
, (p, T ) = d(pd, Td)
0
, (1)
where the subscript d stands for dimensional variables.6 The characteristic value of density0 is equal to its dimensional
value taken at p0 and T0. The other dimensionless variables such as enthalpy h, total enthalpy H = h + 12‖u‖2 with
 = U20 /h0, speed of sound c, dynamic viscosity , thermal coefﬁcient  are constructed with the same rule used for
density. The dimensionless speed of sound can be calculated by the following expression.7
c2 = hT
hT p + T (− hp)
. (2)
Finally, characteristic time t0 and length L0 must be deﬁned for viscous and unsteady ﬂows leading to the deﬁnition
of Strouhal number Str = L0/U0 t0, Reynolds number Re = 0 U0 L0/0, Peclet number Pe = 0 U0 L0 cp0/0 and
Mach number M0 = U0/c0. The Navier–Stokes equations can, therefore, be written as
Str
s
t
+ ∇ ·
⎛
⎜⎝
uT
uuT + pI
uTH
⎞
⎟⎠= ∇ ·
⎛
⎜⎝
0T
1
Re
T
− 1
Pe
qT + 
Re
uTT
⎞
⎟⎠ . (3)
The identity matrix is noted I. The viscous stress tensor T for Newtonian ﬂuid is used (using Stokes’hypothesis) and the
heat ﬂux is directly proportional to the temperature gradient through the Fourier’s law. In this paper, all computations
are made with the perfect gas equation of state.
5 Advection upstream splitting method.
6 The offset of pressure p0 has been removed since the absolute variation of pressure is expected to be very low for slightly compressible or
incompressible ﬂows. This permits to avoid convergence stagnation due to numerical errors.
7 A notation is here taken for hT = (h/T )p , hp = (h/p)T , T = (/T )p and p = (/p)T .
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3. Fully implicit preconditioned Newton–GMRes method
The solution of the algebraic system of non-linear equations coming from the discretization is obtained by a fully
implicit pseudo-transient method. For steady ﬂows, the transient solution accuracy is not important. Time derivatives
can be modiﬁed in order to change the eigenvalues of the system. Introducing the preconditioning matrix P into the
Navier–Stokes equations, eigenvalues can be resized to set the condition number, deﬁned as the ratio between the
largest and the smallest eigenvalues, close to unity. The fully implicit preconditioned pseudo-transient iterative process
is described below. These equations are solved thanks to the following linearization where wl = wl+1 − wl
P
wl
l
= Rhs(wl+1) ⇒
[
1
l
P − Rhs
w
]
wl = Rhs(wl ). (4)
The pseudo time is here noted , the vector Rhs contains the discretized advective and diffusive terms. An important
point is to conserve the mathematical type of the physical equations. Therefore, it is convenient that P mimics the
matrix S = s/w that would arise in the physical time derivatives. Following the choice of Merkle et al. [9] or Weiss
and Smith [16], the preconditioning matrix is written as follows:
P =
⎛
⎜⎜⎝
′p 0T ′T
′pu I ′T u
′pH −
(
− h′p
)
uT ′T H + h′T
⎞
⎟⎟⎠ . (5)
The primed parameters can be chosen to change the condition number. In this paper, only the role of ′p is analyzed.
Thus, for simplicity, ′T , h′T and h′p are set to their physical expressions.
Finally, this linear system is solved by means of a matrix-free GMRes iterations method [11]. The latter needs to be
preconditioned to obtain good convergence properties. The preconditioning matrix consists in an approximate jacobian
factorized by an ILU(0) decomposition. This algorithm does not converge if the system condition number is too high,
especially when the speed of sound is much greater then the ﬂuid velocity. Typically, lacks of convergence can be
observed for Mach number less than 0.2. Therefore, the eigenvalues of the jacobian matrix must be resized by choosing
some good values for ′p. To analyze the eigenvalues of the preconditioned equations (4), it is convenient to write
them in a quasi-linear form. After having neglected the viscous dissipation function and simpliﬁed the stress tensor by
considering ∇ · u = 0, one can obtain the following equation:
P
w

+ Ax w
x
+ Ay w
y
+ Az w
z
− D
(
2w
x2
+ 
2w
y2
+ 
2w
z2
)
= 0, (6)
Ai = uiS +
⎛
⎜⎝
0 eTi 0
ei 0 0
ui HeTi 0
⎞
⎟⎠ , D =
⎛
⎜⎝
0 0T 0
0 1
Re
0
0 0T 1
Re
⎞
⎟⎠ . (7)
A Fourier mode w = w0 exp(kTx − i) can be introduced into these equations. To take the mesh discretization into
account, the norm of the wave number can be set to ‖k‖=/	 where  ∈ [0, 
] while the grid spacing 	 is computed
as the shortest distance between the cell center node and its neighboring nodes. This reduces Eq. (6) to a dispersion
equation for . The cell Reynolds number Re, the cell Peclet number Pe and  depending on the local velocity and
the grid spacing can be introduced.8 Deﬁning successively the wave speed =/‖k‖, uk = uTk/‖k‖ and ∗ = /uk ,
the ﬁrst two eigenvalues can be found while an equation is obtained for the other three ones.9
∗ = 1 − i 
Re
, (8)
8 Re = (uk	/)Re, P e = (ukhT 	/)P e, = (u2kT /hT ).
9 The artiﬁcial speed of sound is deﬁned by c′2 = hT /(hT ′p + T (− hp)).
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(
i + 
Re
− i∗
)[
∗2 − ∗
(
1 + c
′2
c2
− ic
′2′p
P e
)
−
(
c′2
c2
+ c
′2
u2k
+ ic
′2p
P e
)]
+ c
′2
u2kRe
[
i+
(
1 − Re
Pe
)
− i∗
′
T
T
]
= 0. (9)
Practically, for now, uk is replaced by ‖u‖. It can already be seen that the eigenvalues (8) are complex. The real
part represents the advection speed and the imaginary part the diffusion damping. At one grid point, the ﬂow is said to
be diffusion-dominated if the cell Reynolds number is small and convection-dominated otherwise. Consequently, the
behavior of the discretized Navier–Stokes equations depends on the velocity but also on the grid spacing. This remark
is crucial for the solution of boundary layers on highly stretched grids. To obtain a well preconditioned system, the
artiﬁcial speed of sound c′2 is set to the greatest term appearing in the eigenvalues (8). This yields to a condition on
the parameter ′p. Following the ideas of Weiss and Smith [16], a switch between an inviscid preconditioning and a
viscous preconditioning is made by applying the following rule.10
′p =
1
c′2
− (− hp)T
hT
, (10)
c′ =
{
min(c,max(‖u‖, u)) if Re> 1,
‖u‖
Re
otherwise.
(11)
For the inviscid case, Eq. (9) can easily be solved. The set of resulting eigenvalues i are written below. The function
fc used as a scaling function for the speed of sound by Liou [7] in the AUSM + up method is now deﬁned.
1,2,3 = uk 4,5 = 12 (1 + M∗2)(uk ± cf c), (12)
fc =
√
4M∗2 + M2(1 − M∗2)2
(1 + M∗2) with M
∗ = c
′
c
. (13)
Finally, the local pseudo-time step of Eq. (4) is computed from one iteration to another with the following rule. It
differs from a grid cell to another.
l = CFLl x
max |i | , CFL
l = CFL0
(
‖Rhsl‖
‖Rhs0‖
)SER
(14)
For all computations presented below, the CFL0 and the SER parameter have been ﬁxed to 1. Thanks to the precon-
ditioning, the maximum wave speed is of the order of the velocity in the inviscid case or the ﬂow velocity divided by
the cell Reynolds number in the viscous one. Consequently, time steps are not limited by the physical speed of sound
or the cell Reynolds number. Thanks to the unconditional stability property of the fully implicit method, the CFL can
be signiﬁcantly increased as the non-linear residual tends to zero.
4. Results
To test the implicit solver presented above, some classical laminar ﬂowshave been computed.The results are discussed
in this section. Convergence of the pseudo-transient iterations is depicted for either inviscid or viscous preconditioning.
4.1. Laminar ﬂow past a backward facing step
The ﬂow past a backward facing step is depicted in Fig. 1. A parabolic velocity proﬁle is imposed at the inlet, with
the characteristic velocity U0 being set to the maximum one while the non-dimensional pressure is maintained to zero
at the outlet. Temperature is ﬁxed to T0 = 287.7K on each solid wall on which no slip conditions are imposed. The
10 The parameter u prevents any singularity to appear if the local velocity vanishes, for example, at stagnation points. It has been ﬁxed to 10−5
for all computations presented in this paper.
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Fig. 1. Laminar backward facing step results. M0 = 10−5, Re= 150: (a) non-dimensional pressure contours (p = pd−p0
0U20
). p =−3.0676 on the step
corner; (b) streamlines plot. Reattachment point situated at x = 6.277.
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Fig. 2. Pseudo-time convergence curves: (a) for the laminar lid driven cavity ﬂow solved with viscous preconditioning. M0 = 10−4; (b) for the
laminar backward facing step ﬂow.
ratio between the heights of the duct after and before the step is 1.5. The height of the step is chosen as characteristic
length Ł0 to deﬁne the Reynolds number Re = 0 U0 L0/0, which is ﬁxed to 150. The mesh is composed of 25 000
quadrangles extruded ﬁve times in the z-direction. It is stretched near the wall for a good accuracy in the boundary
layers. Convergence results are presented in Fig. 2(b). The non-preconditioned scheme does not converge since the
linear systems are not efﬁciently solved by the GMRes iterations. The inviscid preconditioning permits the scheme to
converge but viscous preconditioning exhibits a signiﬁcantly better convergence rate for any Mach numbers ranging
from 0.1 to 10−5. Isobar contours and streamlines plots are presented in Fig. 1. The solution is in agreement with
several solutions presented in Ref. [10]. The recirculation zone has been well evaluated, the reattachment point is found
to be at x/L0 = 6.277 from the step.
4.2. Laminar ﬂow in a lid driven cavity
The bi-dimensional lid driven cavity ﬂow, namely solved by Ghia and Ghia [5], consists in a ﬂuid contained in a
squared box. The vertical walls and the horizontal bottom wall are ﬁxed while the upper wall moves with a velocity U0
driving the ﬂuid into a rotational motion. A ﬁxed temperature T0 is imposed on each wall. The length of the box sides
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Fig. 3. Laminar ﬂow in 2D lid driven cavity for different Reynolds numbers. M0 = 10−4: (a) Mesh used (12× 103 quadrilaterals extruded ﬁve times
in the z-direction) with high stretching near the walls; (b–d) streamlines plots; (e) x-direction velocity proﬁle on the vertical center line of the cavity;
(f) y-direction velocity proﬁle on the horizontal center line of the cavity.
is chosen as the characteristic length L0. The ﬂow is computed for different Reynolds numbers: Re = 1, Re = 100
and Re = 1000 at Mach number M0 = 10−4. The mesh is 12 000 quadrangles extruded ﬁve times in z-direction with
high reﬁnement in the boundary layers as depicted in Fig. 3(a). The ﬂuid is chosen to be at rest as initial solution and
the fully implicit preconditioned pseudo-transient method is applied. Fig. 2(a) shows the very good properties of the
preconditioner. The process converges within a few non-linear iterations. The difﬁculty increases with the Reynolds
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Fig. 4. Laminar ﬂow past a sphere on 3D tetrahedral mesh. M0 = 10−3. Re = 118: (a) streamlines plot; (b) pseudo-time convergence curves.
number since the formation of the recirculation zones takes more time and slows down the convergence. Streamlines
plots and velocity proﬁles are presented in Fig. 3.A very good agreement is foundwith the results ofChoi andMerkle [2].
4.3. Laminar ﬂow past a sphere
Finally, the laminar ﬂow past a sphere is computed.A genuinely 3D unstructured grid composed of 300 000 tetrahedra
is used. The Reynolds number is computed with the free stream velocity U0 and the sphere diameter as the reference
length L0. It is ﬁxed to Re = 118 while the reference Mach number is equal to 10−3. Convergence curves are depicted
in Fig. 4(b). Here again, the improvement of convergence thanks to the preconditioning is signiﬁcant. Less than 40
iterations are needed to decrease the residual to the machine precision. The recirculation zone (Fig. 4(a)) presents
behind the sphere is well computed. The ratio between the length of this zone and the sphere diameter is found to be
equal to 0.96 in agreement with the experimental results of Taneda [1].
5. Conclusions
A fully implicit preconditioned Newton-GMRes pseudo-transient method has been studied for the solution of 2D
and 3D steady laminar ﬂows on unstructured grids. The improvement of convergence thanks to preconditioning and the
AUSM+up scheme was found to be signiﬁcant. The important role of the viscous preconditioning for low cell Reynolds
number problems has been demonstrated. The high order discretization of advective and viscous terms yielded accurate
results without altering the scheme stability.
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